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Abstract. We study the conditions under which a Kahlerian structure (G, J) of general 
natural lift type on the cotangent bundle T*M of a Riemannian manifold (M, g) has con- 
stant holomorphic sectional curvature. We obtain that a certain parameter involved in the 
condition for (T*M, G, J) to be a Kahlerian manifold, is expressed as a rational function 
of the other two, their derivatives, the constant sectional curvature of the base manifold 
(M, g) , and the constant holomorphic sectional curvature of the general natural Kahlerian 
, structure (G, J). 
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1. Introduction 



The natural lifts introduced on the cotangent bundle of a Riemannian ma- 
nifold (M,g) (see [3], [4]), leaded to some geometric structures studied in 
the last years in papers like [8], [9], [ID], p], [12], p3], [H], PSJ. A part 
of the results obtained in these works are similar to some results from the 
geometry of the tangent bundle TM, the dual of the cotangent bundle T*M. 
The differences which appear are related to the construction of the lifts on the 
cotangent bundle, the technics being different from those used in the geometry 
of the tangent bundle (see [16]). 

In the paper [6], Oproiu introduced the general expression for the natural 
.£h ! 1-st order almost complex structure J on the tangent bundle TM and the 

notion of general natural lifted metric G on TM, defined by the Riemannian 
metric g, with respect to which the horizontal and vertical distributions are no 
more orthogonal to each other, contrary to the diagonal case, treated in [7|. 
The author obtained that the family of Kahlerian structures (G, J) of general 
natural lift type on TM depends on three essential parameters (two of them 
are involved in the expression of the integrable almost complex structure J, 
and the third one is a certain proportionality factor, from the condition for 
(G, J) to be almost Hermitian). 

The present author defined in the paper [T], an almost complex structure 
of general natural lifted type on the cotangent bundle T*M, and a general 
natural lifted metric to T*M, obtained from the Riemannian metric g of the 
base manifold M. The main result is that the family of general natural Kahler 
structures on T*M depends on three essential parameters (one is a certain pro- 
portionality factor obtained from the condition for the structure to be almost 



* Partially supported by the Grant TD-158/2007, CNCSIS, Ministerul Educa^iei §i 
Cercetarii, Romania. 



2 



S. L. DRUTA* 



Hermitian and the other two are coefficients involved in the definition of the 
integrable almost complex structure J on T*M). 

In the joint work [2], Oproiu and the present author studied the conditions 
under which the Kahlerian manifold (TM, G, J) of general natural lift type 
has constant holomorphic sectional curvature. They obtained that the pro- 
portionality factor involved in the condition for (TM, G, J) to be Kahlerian is 
expressed as a rational function of the two essential parameters involved in the 
expression of J (integrable almost complex structure on TM), their deriva- 
tives, the constant sectional curvature of (M, g) and the constant holomorphic 
sectional curvature of (TM, G, J). 

In the present paper we are interested in finding some properties of the 
curvature tensor field K of the general natural Kahler structure (G, J) on 
the cotangent bundle T*M. Namely, we find the conditions under which the 
Kahlerian structure considered on T*M has constant holomorphic sectional 
curvature. By doing some quite long computations with the RICCI package 
from Mathematica, we get the expressions of the components of the curvature 
tensor field of the manifold (T*M, G) and those of the curvature tensor field 
Kq of the Kahlerian manifold (T*M, G, J) having constant holomorphic sec- 
tional curvature k. The vanishing conditions for the components of difference 
K — K lead to the conclusion that (T*M, G, J) has constant holomorphic 
sectional curvature k, if and only if the proportionality factor involved in the 
condition for (T*M, G, J) to be Kahlerian is a rational function depending on 
the two essential parameters involved in the expression of the integrable al- 
most complex structure J, their derivatives, the constant sectional curvature 
of (M, g) and k. 

The manifolds, tensor fields and other geometric objects considered in this 
paper are assumed to be differentiable of class C°° (i.e. smooth). The Einstein 
summation convention is used throughout this paper, the range of the indices 
h, i,j, k, I, m, r being always {1, . . . , n}. 

The author wants to express acknowledgements to Professor Oproiu for the 
techniques learned during the elaboration of the joint work [2], for the sugges- 
tions, encouragements, and support throughout the present work and through- 
out the PhD period. 

2. Preliminary results 

If (M, g) is a smooth Riemannian manifold of the dimension n, and ty : 
T*M — > M its cotangent bundle, then the total space T*M may be en- 
dowed with a structure of a 2n-dimensional smooth manifold, induced from 
the structure of the base manifold, as follows: from every local chart (U, tp) = 
(U,x 1 ,. . . , x n ), it is induced a local chart, (7r _1 ([/), $) = (^^(U), q 1 , ■ ■ ■ ,q n , 
Pi, . . . ,p n ) on T*M, such that for a cotangent vector p G 7r _1 (i7) C T*M, the 
first n local coordinates q l , . . . ,q n are the local coordinates of its base point 
x = 7i(p) in the local chart (U, ip) (in fact we have q % = tc*x 1 = x l o n, i = 
1, . . . n); the last n local coordinates p\, . . . ,p n of p G 7r _1 (t/) are the vector 
space coordinates of p with respect to the natural basis (dx^^, . . . ,dx™,,), 
defined by the local chart (U, ip), i.e. p = p%dx\, y 
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The notion of M-tensor field on the tangent bundle was introduced in the 
paper [5J. On the cotangent bundle T*M, an M-tensor field of type (r, s) 
is defined by sets of n r+s components (functions depending on q % and p-i), 
with r upper indices and s lower indices, assigned to induced local charts 
(ii~ l {U), <3>) on T*M, such that the local coordinate change rule is that of the 
local coordinate components of a tensor field of type (r, s) on the base manifold 
M. An usual tensor field of type (r, s) on M may be thought as an M-tensor 
field of type (r, s) on T*M. If the considered tensor field on M is covariant 
only, the corresponding M-tensor field on T*M may be identified with the 
induced (pullback by tt) tensor field on T*M. 

Some useful M-tensor fields on T*M may be obtained as follows. Let v, w : 
[0,oo) — > R be smooth functions and let ||p|| 2 = g~^(p,p) be the square of 
the norm of the cotangent vector p G 7r _1 (?7) (g^ 1 is the tensor field of type 
(2,0) having the components (g kl (x)) which are the entries of the inverse of 
the matrix (gij(x)) defined by the components of g in the local chart (U, tp)). 
The components vgijijiijp)), p i} w(\\p\\ 2 )piPj define respective M-tensor fields 
of types (0,2), (0,1), (0,2) on T*M. Similarly, the components vg kl (7r(p)), 
g° l = Ph9 hl , w(\\p\\ 2 )g 0k g 01 define respective M-tensor fields of type (2, 0), (1,0), 
(2, 0) on T*M. Of course, all the components considered above are in the 
induced local chart (7r _1 (?7), $). 

We recall the splitting of the tangent bundle to T*M into the vertical distri- 
bution VT*M = Ker 7r* and the horizontal one determined by the Levi Civita 
connection V of g: 

(1) TT*M = VT*M © HT*M. 

If (tt- 1 ([/),$) = (n-\U),q 1 ,...,q n ,p 1 ,...,p n ) is a local chart on T*M, 
induced from the local chart (U,(p) = (U, x 1 , . . . , x n ), the local vector fields 
^-j-, . . . , ^p- on 7r _1 (f/) define a local frame for VT*M over n~ l (U) and the 
local vector fields . . . , define a local frame for HT*M over 7i" _1 ([7), 
where 

5q*~ dq* lh dp h ' Lif >- pkLih 
and T k h (n(p)) are the Christoffel symbols of g. 

The set of vector fields {^-, . . . , . . . , ^} defines a local frame on 

T*M, adapted to the direct sum decomposition (I). 

We consider 

(2) t = ~\\p\\ 2 = \g~l P) {p,p) = \g lk {x)p iPk , P en-\U) 

the energy density defined by g in the cotangent vector p. We have t G [0, 00) 
for all p G T*M. 

The computations will be done in local coordinates, using a local chart (U, tp) 
on M and the induced local chart (7r _1 (£/), $) on T*M. 

We shall use the following lemma, which can be proved easily. 

Lemma 2.1. If n > 1 and u, v are smooth functions on T*M such that 
ugij + vpipj = 0, ug lj + vg 0l g 0j = 0, or u5] + vg 0i pj = 0, 
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on the domain of any induced local chart on T*M, then u = 0, v — 0. 

In the paper [lj, the present author considered the real valued smooth func- 
tions a\, a 2 , a 3 , 04, b\, b 2 , 63, 64 on [0, 00) c R and studied a general natural 
tensor of type (1,1) on T*M, defined by the relations 

(3) 

JX? = ai (t)(g x )V + b l {t)p{X)p v p + <n{t)X* + b 4 (t)p(X)(pt)* , 

J6 v p = a 3 (t)< + h(t)g^(p, 6)p v p - a*{t){#)* ~ W^Cp, W)? , 

in every point p of the induced local card (7r _1 (t/),$) on T*M, V X G 
Af(M), V G A^M), where # x is the 1-form on M defined by = 
g(X,Y), VF G A"(M), $ = g^ 1 is a vector field on M defined by g{6\Y) = 
0(Y) V Y G rY(M), the vector jo" is tangent to M in n(p), p v is the Liouville 
vector field on T*M , and (p^) H is the similar horizontal vector field on T*M. 

With respect to the adapted frame {^-, ^j}ij=i,...,n on T*M, the expression 
(13]) becomes 



(4) 



J-L = a ^)i: + b ^)9 0t C - a 2 (t)gv* - b 2 (t)g°>C, 



8ql 

where C = p v is the Liouville vector- field on T*M and C = (p^) H is the 
corresponding horizontal vector field on T*M. 
We can write also 



(5) 

where 



7 jL - + 

^ J %3 dp j ^ 5q3 ' 



j_d_ _ Tqj _d jij _5_ 

J d Pi ~ J °jd Pj J (2)SqJ> 



4? = ai (t) gij + h^pipj, J% = ai (t)5{ + h(t)g 0j Pi 



J3} = a,{t)5) + b 3 (t)g 0l Pj , j| } = a 2 (t)g^ + b 2 (t)g 0l g^. 

Theorem 2.2. QlJ) A natural tensor field J of type (1, 1) on T*M given 
by (j4j) or ([5]) defines an almost complex structure on T*M, if and only if 
$4 — — O3, O4 = — 63 and the coefficients ai, a 2 , 03, 61, 62 and 6 3 are related by 

(6) aia 2 = l + a 3 , K + 2*&i)(a 2 + 2tb 2 ) = 1 + (a 3 + 2tb 3 ) 2 . 

Remark. From the conditions ([6]) we have that the coefficients a±, a 2 , a\ + 
2tb\, a 2 + 2t&2 have the same sign and cannot vanish. We assume that a\ > 
0, a 2 > 0, ai + 2tb x > 0, a 2 + 2tb 2 > for all t > 0. 

Remark. The relations ([6]) allow us to express two of the coefficients 
ai, 02, 03, bi, b 2 , 63 as functions of the other four; e.g. we have: 

1 + a§ 2a 3 6 3 - a 2 b x + 2t6| 

V) a 2 — , »2 — -^77 • 
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The integrability condition for the above almost complex structure J on a 
manifold M is characterized by the vanishing of its Nijenhuis tensor field Nj, 
defined by 

Nj(X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y], 
for all vector fields X and Y on M. 

Theorem 2.3. ([TJ) Let (M,g) be an n(> 2)-dimensional connected Riemann- 
ian manifold. The almost complex structure J defined by (j3J) on T*M is 
integrable if and only if (M, g) has constant sectional curvature c and the 
coefficients bi, b 2 , b 3 are given by: 



< h 



2c 2 ta 2 +2ctaia' 2 +aia' 1 — c+3ca 2 
ai—2ta' 1 —2cta2—Act 2 a' 2 '■ 



2ta'^ — 2ta' 1 a' 2 +ca 2 +2cta2a' 2 +ai a' 2 
aj —2ta[ —2ctci2 —Act' 2 a' 2 ' 



7 aia' i +2ca2a3+Acta' 2 a3— 2cta2a'- i 

3 ~~ ai -2ta[ -2cta 2 -Act 2 a' 2 ' 



Remark. In the diagonal case, where 03 = it follows 63 = too, and we 
have: 

1 aia[ — c c — (iid^ 

a 2 = — , b\ = o7~T> "2 = — 7—0 — 7n\- 

ai a\ — 2ta\ ai{af — let) 

In the paper cited bellow, the present author defined a Riemannian metric 
G of general natural lift type is defined by the relations 

( G P (X H ,Y H ) = c 1 (t)g ir(p) (X,Y)+d 1 (t)p(X)p{Y), 



(9) 



G p (* v 



, u v ) = c 2 (t)g;l p) (9, u) + d 2 (t)g^ p) ( Pl 9)g^ ) (p, u), 

{ G P (X H ,9 V ) = G P (9 V ,X H ) = c 3 (t)6(X) + d 3 (t)p(X)g;l p) (p,6), 

V X,Y G X(M), V 6,lu G A 1 (M), V p G T*M. 

Using the adapted frame {^-, ^j}ij=i,..., n 011 T*M, we can write the expres- 
sion in the next form 

f G (^> £r) = <*®9v + di(t)p iPj = Gf , 



(10) 



G(i:, 1 l P -) = c 2 (t)g« + d 2 (t)g 0i gV = G 



(2)' 



where c\, c 2 , c 3 , d\, d 2 , d 3 are six smooth functions of the density energy on 
T*M. 

The conditions for G to be positive definite are assured if 
(11) ci + 2£di>0, c 2 + 2td 2 >0, 

(a + 2td 1 )(c 2 + 2td 2 ) - (c 3 + 2td 3 ) 2 > 0. 
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The metric G is almost Hermitian with respect to the general almost complex 
structure J, if 

G(JX, JY) = G(X,Y), 

for all vector fields X, Y on T*M. 

The author proved the following result 

Theorem 2.4. ([lJ)The family of natural, Riemannian metrics G on T*M such 
that (T*M, G, J) is an almost Hermitian manifold, is given by fllOp . provided 
that the coefficients ci, c 2 , c 3 , d\, d 2 , and d 3 are related to the coefficients 
ai, a 2 , a 3 , bi, b 2 , and b 3 by the following proportionality relations 

(12) — = — = — = A 

ai a 2 a 3 

^ Q ^ ci + 2tdx c 2 + 2td 2 c 3 + 2td 3 

(13) — = — = r - = A + 2i«, 

v 7 ai + 2*6i a 2 + 2tb 2 a 3 + 2tb 3 

where the proportionality coefficients A > and A + 2£/i > are functions 
depending on t. 

Remark. In the case where a 3 = 0, it follows that c 3 = d 3 = and we 
obtain the almost Hermitian structure considered in [IT] . |13j . Moreover, if 
A = 1 and \i = 0, we obtain the almost Kahlerian structure considered in the 
mentioned papers. 

Considering the two-form Q defined by the almost Hermitian structure 
(G, J) on T*M 

n(X,Y) = G(X, JY), 
for all vector fields X, Y on T*M, we obtain the following result from [TJ: 

Proposition 2.5. ([TJ) The expression of the 2-form Q in the local adapted 
frame 

{&> £rhj=h-,n on T*M, is given by 
or, equivalently 

(14) fi = (A5i + ^ ^)D Pj A^, 
where = dp f — T® h dq h is the absolute differential of ft. 

Next, by calculating the exterior differential of Q, we may state: 

Theorem 2.6. ([TJ) The almost Hermitian structure (T*M,G,J) is almost 
Kahlerian if and only if 

H = A'. 

Remark. The family of general almost Kahlerian structures on T*M de- 
pends on five essential coefficients a\, a 3 , b\, b 3 , A, which must satisfy the 
supplementary conditions a,\ > 0, a% + 2tb\ > 0, A > 0, A + 2tfi > 0. 

The main result obtained in [TJ is the next one: 
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Theorem 2.7. ([lj) A general natural lift almost Hermitian structure (G, J) 
on T*M is Kahlerian if and only if the almost complex structure J is integrable 
(see Theorem 12.31) and /i = A'. 

Remark. The family of general natural Kahlerian structures on T*M de- 
pends on three essential coefficients a 1; a 3 , A, which must satisfy the supple- 
mentary conditions a\ > 0, a% + 2tbi > 0, A > 0, A + 2tX' > 0, where b\ is is 
given by (jSJ). 

Examples of such structures can be found in [TT], [T3] . 



3. General natural Kahler structures of constant 
holomorphic sectional curvature on cotangent bundles 

The Levi-Civita connection V of the Riemannian manifold (T*M, G) is ob- 
tained from the formula 

2G(V X Y, Z) = X(G(X, Z)) + Y(G(X, Z)) - Z(G(X, Y)) 
+ G([X, Y],Z)- G([X, Z],Y)- G([Y, Z],X); 
VX,Y,Ze X (M) 

and is characterized by the conditions 

VG = 0, T = 0, 

where T is the torsion tensor of V. 

In the case of the cotangent bundle T*M we can obtain the explicit expres- 
sion of V. The symmetric 2n x 2n matrix 

G3\ 

G (2), 




associated to the metric G in the base { 



_S_ d -j 

Sq* ' d Pj J *J = 1 



has the inverse 



n (i) 
H3) 



H3! 



H 



(2) 
U 



where the entries are the blocks 



(15) = e l9 kl + f ig »Y\ K> = e 2 g kl + hVkVu H3* = e 3 5f + f 3 g Uk Pl 



,0fc „0l 



r(2) 



0k„ 



Pi9 ik , 



Here g kl are the components of the inverse of the matrix (gij), g ok 
and ei, fi, e 2 , f 2 , £3, fa '■ [0, 00) — > R, some real smooth functions. Their 
expressions are obtained by solving the system: 



(16) 



ih 



G^H3 h k + G3^ 

/~ioi zjhk 1 riih zjok 
Lr6 h U (l) + Lr {2) tL6 h 

G3 l h H3^. + GfyH^ k 






si 



ki 



S. L. DRUTA* 



in which we substitute the relations ffTU]) and (|15p . By using Lemma 1, we get 
ei, e 2 , e 3 as functions of ci, c 2 , c 3 

(17) 



ei 



C1C2 — C 3 C X C2 — C 3 



C1C2 — c 3 

and /1, / 2 , f 3 as functions of ci, c 2 , c 3 , c?i, <i 2 , d 3 , ei, e 2 , e 3 



./1 



c 2 diei - c 3 d 3 ei - c 3 <i2e 3 + c 2 d 3 e 3 + 2d x d 2 e x t - 2dgeit 
cic 2 - c§ + 2c 2 4t + 2dd 2 t - 4c 3 d 3 t + Adid 2 t 2 - Adit 2 ' 



/a 



fs 



(c 3 + 2d 3 t)[(d 3 ei + d 2 e 3 )( Cl + W) - (jig + d 3 e 3 )(c 3 + 2d 3 *)] 
(c 2 + 2d 2 t)[( Cl + 2d 1 t)(c 2 + 2d 2 t) - (c 3 + 2d 3 t) 2 ] 

d 2 e 2 + d 3 e 3 
c 2 + 2d 2 t ' 

{d 3 e x + d 2 e 3 ){ci + 2dit) - {d x ei + d 3 e 3 )(c 3 + 2d 3 t) 



( Cl + 2c^)(c 2 + 2d 2 t) - (c 3 + 2<2 3 t) 2 

Next we can obtain the expression of the Levi Civita connection of the 
Riemannian metric G on T*M. 

Theorem 3.1. The Levi-Civita connection V ofG has the following expression 
in the local adapted frame {-^^^ ^-}i,j=i,..., n 

v a —-o ij — + o ijh — v , — - r-r i + p J ' + p jh — 



Sph 



where T^- are the Christoffel symbols of the connection V and M -tensor fields 
appearing as coefficients in the above expressions are given by 



r (2) 

Q ijh = K^Gg) + &Gf 2) - d k G l ^)H3 h k + §(#G3£ + d^G^ k )H { 



kh 
'(1)' 



(19) ^ 



P 



1(5*03* - 0*G3})irg? + |(^G« - R% k Gf 2) )H3 k 



p 1 
r 3 h 



hi 



Sijh — |(P^G(2) - d k G i 1 j )H kh - c 3 R ijk H3 k h , 

C h 1 / pO rilk P>k/~iW\ Tjoh _ pO ukh 

K b ij - 2 \ K lij U (2) ~ ° U ij ) n6 k ~ C 3 K ijk U (l)i 

where R ki j are the components of the curvature tensor field of the Levi Civita 
connection V of the base manifold (M,g). 

If we replace in ( JT9l the relations ( fTUl) which define the metric G, the ex- 
presses ( TT5l) for the inverse matrix H of G, and the formulas ( TT71) . ( 1T81) we 
obtain the detailed expressions of P i 3 , Q l \, Sijh, Q ljh , ^ij h - 
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The curvature tensor field K of the connection V is defined by 

K(X, Y)Z = V X V Y Z - V Y V X Z - V [X , Y ]Z, X,Y,Z e X(TM). 



A. _9 

5q l ' dp 

obtain the horizontal and vertical components of the curvature tensor field: 



By using the local adapted frame ^-}; J= i,...,„ = {Si, ^'}ij=i,...,„ we 



K(5i, 5j)5 k = QQQQijk h 5h + QQQPijkhd h , 
K{8i, 5j)d k = QQPQ, tl kh 5 h + QQPP l3 \d h , 
K{d\V)5 k = PPQQ l \ h 5 h + PPQP l \ h d h , 
K(d\ d j )d k = PPPQ ijkh 5 h + PPPP ijk h d h , 
K(d i ,5 j )6 k = PQQQ i jk h 6 h + PQQP i jkh d h , 
K{d\ S 3 )d k = PQPQ l 3 kh S h + PQPP) \d\ 

where the coefficients are the M-tensor fields given by 
WWijk — Sjk b u + u b jki - &ji s ik - r- b iM - n Hj ^ k + K kij 
QQQPijkh = S jk Su h + Pi l h S jk i - S ik l Sji h - Pj l h S ik i - P kh R° Uj 

QQPQi kh = P^Pi lh + P kl S u h - P t k l P J lh - P t k % h - R%Q lk \ 

Df~) PP * rf" JD k JD I I p He TD k JD I JD kl Q J?0 r\lk T)k 

PPQQ l \ h 5 h = VP* - &P k ih + P k j t Q ilh + P k jl P l ih - P k \Q> lh - P k a P l jh , 
PPQP\ h = d%\ - &P k \ + P k \Q* 1 h + P/P t \ - P k \Q\ - P k a P x \, 

pppQljkh = QiQjkh _ QjQikh + gjfc Qilh + Qjkl pi ih _ Qik^Qjlh _ Qiklp^ jh^ 
ppppijk h = QiQ3k h _ Q0Ql k h + Qjk^U h + Qjklp^ i h _ Qik^^ _ Q t klp i 

PQQQ l jk h k = &s jk h + s Jkl Q Uh + s 3k l p t ih - p k \p 3 lh - p k % h 

PQQP l jkh = d l Sj k h + S jk Q d h + S jk l P l \ — P kl Pj l h — P k l Sjih 



PQPQ l 3 kh = d l P kh + P 3 \q lh + P kl P x lh - Q^^ 111 - Q ikl S jt h , 

PQPP) k h = \ + P j \Q\ + P 3 kl P t \ - Q ik ,P 3 \ - Q ikl S jlh . 

In order to get the final expressions of the above M-tensor fields, we have 
to compute the first and second order partial derivatives with respect to the 
cotangential coordinates Pi of the usual tensor fields involved in the definition 
of the Riemannian metric G. 
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&Gfk = ci9 0i 9]k + d' ig 0i p 3 p k + d x b)p k + d lPj 8l 
d'G^ = c' 2 g M g^ k + d> 2 g *g°ig 0k + d 2 g^ g ok + d 2 g°i g ik 
d*G3i = d 3 g 0i 5l + d' 3 g 0i g 0j Pk + d 3 g^p k + d z g^8 k 

&&G$ = c';g 0l g°3g kl + d x g^ g kl + dfoVWl + d\g^p kVl 

+ d' 1 g^8ip l + d[g^ Pk 8j + d^Sfa + d x 8i5\ 

+ d' ig 0i p k 8f + d 1 8l5f 
WGfa = c>>g *g°ig kl + c' 2 g^g kl + d^g^g ok g 01 + d' 2 g^g 0k g 01 

+ d' 2 g 0j g ik g 01 + d' 2 g 0j g 0k g il + d' 2 g 0i g jk g 01 + d 2 g jk g a 

+ d' 2 g *g 0k gi l + d 2 g* k gi l 
d i VG3 k l = 4g^g^8 k + d 3 g^8 k + d'^g^g ^ + d' 3 g^ g« k Pl 

+ d^W k Vl + d 3 g°ig 0k 8i + d^V*Pl + d^ k 8\ 

+ d 3 g 0l g 0k 5j + d 3 g lk 5j 

d l H( k } = e^V* + f[g *g°3g 0k + f ig ^g ok + f l9 °> ] g ik 
d l H$ = e' 2 g 0l g lk + f^g 0i p jPk + f 2 5)p k + hvA 
d l H3{ = e' 3 g 0l Si + f^g 0i g oj p k + f 3 g ij Pk + hg^5\ 

We get the first order partial derivatives of the M-tensor fields P^ , Q lJ h , 

Sijh, Pj\o Q 1 ^' \ Sij h w ifh respect to the cotangential coordinates pi and 
we replace these derivatives, and the expressions ffTTl) . ([18]) of the functions 
ei, e 2 , 63, fx, f 2 , fa and of their derivatives in order to obtain the compo- 
nents of the curvature tensor as functions of ax, a 2 , a 3 and their derivatives of 
first, second and third order only. The expressions are obtained by using the 
Mathematica package RICCI. 

#Q>\ = \#H$(did$ + \H$l&tfd$ + at&Gfa - c?<?Gf 2) ) 
+ ~d i H3 l h (d j G3f + d k G3 k ) + -H3 l h (d i &>G3 k + d i d k G3 k ), 

diQ jkh = ^d i H3'l(d j G k i ) + d k Gf 2) - d l G jk } ) 

+ ^Htf(&&Gf 2) + d i d k G j {2) - d^G^) 

+ \d i H\ r l ) {d ] G3 k l + d k G3\) + ]-H l ^ ) {d i &G3 k l + d l d k G3j), 
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&p.\ = -d i H^ ) {d k G3 l j - d l G3 k ) + -H%\d i d k G3 l j - d l d l G3 k ) 
2 2 

+ ±#HZ l h {&G§f - R° mjl G$) 
i 

i WQl {fiiflk/^W pi rvmk pO pd/~imk\ 
+ 2 H6 h\ a U jl ~ ti mjl Lr {2) - H mji a G (2) J> 

Qipkh = ^di H3 h( d k G ^ _ d l G3 k^ + Htf^gigkQ^ _ tfQlQty 
' ~jhl ( pd £ik/~i(X} pi r~imk pO pd/~imk\ 



i H™ / f) 1 f) k /^i( L ) p* rim* pU air 1 
+ 9^(1)1" ^ U jl - K mjl Lr (2) - K mjl ( - T 



(2) J, 



&S jkh = hc' 2 g 0i R° mjk + c 2 R m3k - #&G§)H$ + (c 2 R° mjk - d l G$)d% 



(2)1 



c 39° lR< jki H 3 l h ~ c 3 (i2J w f/'3j l + R° jkl d l H3 l h ), 



#S jk h = \[{c 2 g 0i Rl jk + c 2 R^ k - cfd^)H3l + (c 2 R° m]k - #G§>)#H3fi 

rJ /-.Oi pO zjlh I pi zjlh i pO fji zjlh \ 

- c z9 K jki H (i) ~ c 3\Rjki H (i) + K jki d H (i)>- 

The tensor field corresponding to the curvature tensor field of a Kalerian 
manifold (T*M, G, J) having constant holomorphic sectional curvature k is 
given by the formula: 

K (X, Y)Z = ^[G(Y, Z)X - G(X, Z)Y + G(JY, Z)JX 
- G(JX, Z)JY + 2G(X, JY)JZ] 
With respect to the adapted frame {5i, c^}jj=i,..., n , the expressions are 
M5 t , Sj)S k = QQQQ 0i3k h 5 h + QQQP 0tjkh d h , 
K (5 t , 5^ = QQPQ 0lJ kh 5 h + QQPP^ k h d\ 

K (d\ &)5 k = PPQQ l \% t + PPQP ij kh d\ 
K (d\ &)d k = PPPP ljk h d h + PPPQ ljkh S h , 

Koi&^Sn = PQQQ l jk h S h + PQQP l jkh d h , 
K (d\ 5 3 )d k = PQPP l 3 k h d h + PQPQj, k h S h , 



where 



4 1 

J^pG3 l k - J3\G$) - 2J3 h k (J^G3\ - JS'G^)], 



QQQQoij k h — -r[Gf k 8i - GfaSj - J3i(J^G3 l k - J3 l j G < ^)+ 



k, 

t0-)( r(l)r»Qi nln^h 



QQQPoijkh — j[Jih \jfi )( G3 l k - J3jG$) - J$(jjpG3 l k - J3\Gf k \ 



2J^G3\-J3)G^)\, 
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QQPQ 0ij kh = \[G3 k $ - G3 k 5f - J3 h i {jfG lk 2) - J3}G3?)+ 

Toft-/' jWrilk J'i l r u i k \ 9 7 fc V tM/^qJ /^fC 1 ) ^"1 

J6 j\ J il Lx {2) ~ J6 i^ 6 l ) - ZJ (2)\ J jl Lr6 i ~ J6 j Lr il )h 

QQPPo tJ \ = -^{jfG 1 ^ - J3)G3 k ) - J$(4pG% - J3\G3 k )+ 

2J3 k h (J^G3\-J3 l j G^)}, 
PPQQo 3 k h = -[-J(2)(J3/G3fc - jf 2 )G^) + J^(J3\G3 l k - J^G^)- 

2J3fc(J3;G(2) - J^G^)], 

= |[G3j&/i - G3\5{ + J3 i h {J3\G3 l k - J&cff)- 

J3 j h {J3\G3 l k - J(2)G^ ) + 27^(73^(2) - J^G3l)], 
k 

pppd tfkh — r r ih ( Tii n lk P l _i_ P h ( ivn lk T il r"* k \ 

rrr V0 — -^[- J (2)\ J6 l U (2) ~ J (2) Lr6 l ) + J {2) \ J6 1 Lt {2) ~~ J (2) Lr6 l )~ 

9 T kh ( Txir^il pl r'V^] 
zj (2)\ J6 1 Lt (2) ~ J (2) Lj6 l)\^ 

k 

ppppijk _ 1X1 \fijk jri (-nk d , jni I jnj (~ilk jjl rrik\ 

rrr M) h — ~l U (2)°h ~ U (2)°h + J6 h\ J6 l U {2) ~ J (2) U6 l )~ 

- J J ^G3])], 
' 

- J3}G3|)], 

J^ l j G fk)~ 

- J3 l jG3 l l )}, 

- J3}G3,*)+ 

- J3}G3|)], 
J3JG3*)- 

- J3)G3\)\. 

The Kahlerian manifold (T*M, G, J) is of constant holomorphic sectional 
curvature if and only if all the components of the difference K — Kq vanish. 
In the study of the vanishing conditions for the components of K — K we use 
following result similar to the lemma 12.11 

Lemma 3.2. If a±, . . . , cnio are smooth functions on T*M such that 
(20) a ighj g ik + a 2 V h b) + a z b k h b) + a^g ik PhPj + a 5 5 k p h g 0i + a 6 S k hPj g 0i + 

a 7 Si Ph g 0k + a 8 g hj g 0i g 0k + a 9 5 i hPj g 0k + a loPhPj g 0i g ok = 0, 
then ati — ■ ■ ■ — ctio = 0. 



J6 h\ J6 l U {2) ~ J {2) Lr6 l ) + A J6 hV J6 l ^(2) " 

PQQQo t j k h = ^[~G3\5^ - jfy(jffG3 l k - 

TZ h ( Toi/^oi jil 9 IQhj t(1) /~iil 

J6 j{ J6 l Lr6 k ~ J {2) Lr lk ) _ ZJ6 k\ J jl ^(2) " 

PQQPojkh — ji^fk^h + J^jjjp G3 l k - 

J jh [ J6 l Lr6 k - J {2) Lr lk ) + lJ kh \ J jl ^(2) " 

PQPQo l 3 kh = ^[-G%)8j - J%{jfG lk 2) - 

jnh( jni/^ilk jil ry jkh ( 

J6 j\. J6 l U (2) ~ J (2) ( - r6 l ) ~ ZJ (2)\ J jl U (2) ~ 

PQPPo 1 , \ = \[G3% + J3\{jfG lk 2) - 

7"(1) I joi/^tlk jil /^ok\ , 9 jnkj t(1) riil 

J ih \ J6 l Lsr <2) ~ J (2) U6 l ) + ZJ6 h\ J jl Lr (2) ' 
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Proof: If we multiply the expression (120]) by g^gik, we have 

a\n 2 + a 2 n + a 3 n + 2a A nt + 2a 5 t + 2a e t + 2a 7 t + 2a$nt + 2a 9 t + Aa w t 2 = 0. 

Since the expression does not depend on the dimension n of the base mani- 
fold, we obtain that 

«i = 0, a 2 + a 3 + 2(a 4 + a 8 )t = 0, («5 + a§ + a 7 + ag)t + 2ai t 2 = 0. 

Similarly, we get that a 2 and a 3 are also zero, if we multiply the expression 
(120]) . respectively by 5^8 k and 5 k 8f. 

The product between (1201) and gikg oh g ^ °~ig oh Pi> 8 k g°^pi, 5jg oh pk, g h:j PiPk, 
or 8^g°^pki leads to some expression in which the coefficients of n are, respec- 
tively 2(a l t+2a A t 2 ), 2(a 2 t+2a 5 t 2 ) , 2( y a 3 t+2a 6 t 2 ), 2( y a 1 t+2a 8 t 2 ), 2(a 3 t+2a 7 t 2 ) , 
2(ait + 2a 8 t 2 ), 2(a 2 t + 2a$t 2 ). This expressions must vanish for all t > 0. Since 
«i = a 2 = a 3 = 0, we obtain that a 4 = • • • = a 9 = too. 

Multiplying by g^g^PiPk, the relation (12171) becomes 

(21) 4[(ai + a 2 + «3)^ 2 + 2(a A + a 5 + a 6 + a 7 + a 8 + a 9 )t 3 + Aa 10 t 4 ] = 0. 

Taking into account that cti = 0, Vz = 1, . . . , 9, it follows from (121]) that 
aio = 0. 

The final theorem gives the condition under which the Kahlerian manifold 
of general natural lift type has constant holomorphic sectional curvature 

Theorem 3.3. The Kahlerian manifold (T*M, G, J) with G and J obtained 
as natural lifts of general type of the Riemannian metric g on the Riemannian 
manifold (M,g), has constant holomorphic sectional curvature k if and only if 
the parameter X is expressed by 

4aiC 



(22) A 



k(aj + 2ct + 2a 2 3 ct) 



Proof. The expressions of the differences that we study are quite long, but in 
PQPP) \ — PQPPq 1 j k h two coefficients have shorter expressions. From the 
first term which contains ghjg lk , by imposing the annulation of the coefficient, 
we get 



(23) A' - A a i( a i ~ 2ct - 2a l ct ) + 2q i c ( 1 + Q l + 20303*) 
^ ' ' ~ ox (of + 2ct + 2alct) ' 

If we substitute this expression in the second term (which contains 5 % h 5 k ) we 
obtain the value of A given by (122]) . 

The expression of A' obtained by differentiating the relation (1221) . coincides 
with that obtained by replacing A in (|23|) . Using RICCI, we prove that all 
the components of the difference K — K are zero, when the obtained val- 
ues of A', A" and X" 1 are replaced in these components. The computation of 
some differences, such as PQPP) \ - PQPPq j k h ,PQPQ l j kh - PQPQo j kh , 

PQQP'jkh - PQQP l jkh , and PQQQ l jk h - PQQQj jk h is quite hard, since 
after imposing the integrability conditions for the almost complex structure 
J, the expressions become very long, and the command TensorSimplify did 
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not work on a PC with a RAM memory of 2GB. Thus I had to impose the 
integrability conditions in every coefficient appearing in the above differences, 
and to sum the expressions afterwards. 

Remark, If a 3 = we obtain the condition for (T*M, G, J) to have constant 
holomorphic sectional curvature in the case where G, J are natural lifts of 
diagonal type (see [6], [TT]). 
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